Abstract. Application of the Fourier method to very general linear hyperbolic Cauchy problems having nonsmooth initial data is considered, both theoretically and computationally.
tionally.
In the absence of smoothing, the Fourier method will, in general, be globally inaccurate, and perhaps unstable. Two main results are proven: the first shows that appropriate smoothing techniques applied to the equation gives stability; and the second states that this smoothing combined with a certain smoothing of the initial data leads to infinite order accuracy away from the set of discontinuities of the exact solution modulo a very small easily characterized exceptional set. A particular implementation of the smoothing method is discussed; and the results of its application to several test problems are presented, and compared with solutions obtained without smoothing.
Introduction. In recent years the Fourier method for the numerical approximation of solutions to hyperbolic initial value problems has been used quite successfully. In fact, if the initial function is C°° and the coefficients of the equation are constant the method converges arbitrarily fast, i.e. is limited in practice only by the method of time discretization which is chosen. This is the reason that the Fourier method is caled "infinite order" accurate. However, the situation is drastically different when the initial function is not smooth. We take as a model the one space dimension scalar problem ut = ux to be solved for 2ir periodic u on the interval -n < x < n with initial values <fix), having a simple jump discontinuity at x = 0, but otherwise smooth and 2tt periodic.
In this simple example the rate of convergence is globally only second order.
(In fact, if any value for i^(0) except the average of the right and left limits is chosen the method degenerates further to be globally only first order.) This means that even in regions where the exact solution is smooth, i.e. away from the line x = t, the error is 0(h2), where h is the mesh width. The analysis of this and related examples is carried out in Section 1 of this paper. There we show that such a large global error occurs in general situations. However, we note here that in certain constant coefficient problems special time discretizations may give better accuracy on mesh points than predicted for the semidiscrete problem. We analyze this phenomenon, which we believe is limited to constant coefficient problems,in the next section. Thus, even in the simplest cases, discontinuous initial data causes a large error unless we modify the Fourier method.
Even in the variable coefficient scalar one dimensional case ut = aix)ux numerical experiments indicate that the Fourier method is unstable for appropriate a(x) when a(x) passes through zero. Analytic examples of this phenomenon have also been discussed by Kreiss and Öliger [5] . (However, the proof of instability given there is incorrect. They do give a valid procedure for stabilizing a certain class of problems.) In this paper we first discuss smoothing modifications of the Fourier method using only the fast Fourier transform (FFT) which guarantee stability. Similar smoothing procedures to stabilize the Fourier method have been developed independently and concurrently by Kreiss and Öliger in [15] . Unfortunately, these easily implemented smoothing procedures, while guaranteed to be stable, give large regions where the rate of convergence is still only second order. For example, there is a large region of low accuracy for the one dimensional problem \u2)t=\0 -1 j \u2 )x + (,-1 o)\ul2)'
("2).=o = W where <¿<x) has a jump discontinuity at x = 0 but is otherwise C°°. We define ip (0) = ]/-(v5(0+) + ipiOT)). This is the problem which we approximated using a dissipative finite difference method in [7] . We discuss this example in Section 2, showing there that the Fourier method using the above mentioned smoothing gives, as in [7] , an error of OQi2), throughout most of the range of influence of the initial discontinuity at x = 0. This simple smoothing does work well for the special case of a scalar, constant coefficient equation ut = aux.
We show in Section 2 that in this case the rate of convergence is infinite off the singular support of the exact solution under very general conditions on ip(x).
But whenever there is coupling-either through lower order terms, variable coefficients, or multi-dimensions-we expect very restricted rates of convergence if we use this type of smoothing.
In order to make the Fourier method a genuine infinite order method in regions where the exact solution is smooth, a more severe smoothing technique must necessarily be introduced. We define the method in the preliminary section and prove in Section 3 that away from the singular set this modified smoothing method has infinite rate of convergence.
The techniques which we shall use to prove stability and convergence of the Fourier method with smoothing are discrete analogues of standard methods in the theory of linear hyperbolic equations. These include pseudodifferential operators, wave front sets, and Egorov's theorem. Much of the technical work involves translating these methods to a grid. This is implemented with the help of the Poisson summation formula and the integration by parts procedure of the method of stationary phase.
Finally, our rate of convergence and stability results were verified when we perLicense or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use formed several numerical experiments on the IBM 360/91 computer at UCLA. One interesting aspect of this work is the construction of certain functions used to implement the smoothing method. Theoretically, we required that they be C°°. This is too much to require realistically for computing purposes. However, the results with C2, C4 and C6 functions were very good numerically. Moreover, even the Gibbs phenomenon of large error near the discontinuity was reduced using our methods.
The authors would like to thank Michael Taylor for some interesting discussions of the spurious singularity phenomenon discussed in the preliminary section and analyzed in Section 4. 0. Preliminary Section. We shall consider the hyperbolic system
where the Av and B are C°° square n x n matrices, the unknown u is an n vector /*i\ u =| • and x = xdl For the stability result, Theorem 1, we require that (0.1) be symmetrizable hyperbolic. However, for the propagation of error result, Theorem 2, we shall require strict hyperbolicity in the usual sense.
For simplicity of exposition we have taken time independent coefficients. The initial function is (0.2) u(x, 0) = tfx), where ip(x) is a distribution.
The problem is to be solved for t > 0 on the cube _"_d, i.e. the set of x such that -7T <x(. < 7T, / = 1,2, ... ,d; with tfx), u(x, t), and the coefficient matrices all periodic with period 27r in each x¡.
The Fourier method usually considered consists of replacing the xv derivatives on a grid of uniform spacing h by the derivative of the interpolating trigonometric polynomial at the grid points. This can be implemented using two fast Fourier transforms for each u,, j = 1, 2, . . , n, and each xv, v = 1, . . . , d. This leads to a system of differential-difference equations which can be solved numerically by introducing a time step k and using various possible time discretizations (specific examples are shown in Section 4).
This method was originally suggested by Kreiss and Öliger [5] , and Orszag [9] , [10] , and was later considered by Fornberg [2] , [3] .
The usual initial function one takes for this method must have a discrete Fourier transform
where Yd is the ».-dimensional lattice with spacing h: x G Yd if and only if x = (x._,xd)T andxvG{ph^=_N,withi2N + l)h = 2-n. For j G Zd we define/ x = v=iivKv For this discretization if>(x) should make sense on lattice points. We shall show below after introducing more general smoothing techniques that this restriction is unnecessary.
In the standard Fourier method one uses the interpolating polynomial (0.4) ¿\>= L îoy7'* i"^Yd as the initial function for the difference-differential equation defined for x G Yd, t > 0:
The first question is one of stability: Is the semidiscrete problem of (0.5) stable?
Precisely, we define the Hs norm of a lattice function w(x) to be
\ih<SYd This is just the standard H norm for the trigonometric interpolant of w(x). We wish an estimate for all h sufficiently small:
(0.7) \\uH(; OH, < C,efciIMI,.
Here we introduce the convention that C, k, 8, e, with or without sub or superscripts, are universal positive constants which may differ from relation to relation.
We shall prove stability of a smoothing version of (0.5). Let p(x) be a C°° function which vanishes identically when any xv is near ± n. Let p(x) = 1 in some neighborhood of the origin, and 0 < p < 1. Such cutoff functions will be used throughout this work.
In the Fourier method with smoothing we replace (0.5) with the following semidiscrete problem to be solved on Yd for t > 0, d c v=l We assume that the operator H,d=xAvix)jv is smoothly symmetrizable, i.e. that there exists a smooth invertible matrix function Tix, f), homogeneous of degree zero in f for |f | large, such that T^je, $)(£?,= xAvix)Çv)Tix, f) is symmetric. This assumption is satisfied by strictly hyperbolic and of course symmetric hyperbolic problems.
We shall prove the following stability theorem in Section 2. Theorem 1. The solution to (0.8) with initial data ^ satisfies, for any s and h sufficiently small, the estimate:
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We also have: Corollary 1. The error between the solutions u and uh to the Cauchy problems (0.1) and (0.8), respectively, when u(x, 0) = $x) on £ld and uhix, 0) = tpix) on Yd with ¡pG C°° satisfies \\ui; t) -uhi; t)\\s < CsXhx Vs, X.
From now on we use the notation i> « 0 for a vector v obeying the estimates satisfied by u -uh above. We use similar notation for operators between any two Sobolev spaces.
Next we address ourselves to the question of the convergence of this method.
Let a(x) be a cutoff function with the additional requirement that p(x)o(x) = o(x).
A first attempt at getting optimal rates of convergence away from the singular support of u(x, t) might be to replace the initial data (0.4) by:
(0.10) oihD)^1 = Z eiixo(jhyji(i).
>"^d However, we have pointed out in the introduction the very restricted worth of such an initial smoothing; and we give the details in Section 2.
Thus, we need a different initial function for the semidiscrete problem (0.8). We proceed as follows. Let the Fourier coefficients of a distribution u(x) be defined as:
(0.11) ¿-CO = (F«)0) = ^YfnyxMx)dx.
We define (0.12) oihD)* = ¿ e^aijhypii),
.=_oo and we solve (0.8) with this as our initial function.
Our main result concerns the error between the solution to (0.1), (0.2) and the solution to (0.8) with initial function (0.13) w(x, 0) = oihD)v.
Our propagation of error result is very close to the following statement-The rate of convergence of uh to u is arbitrary in any compact region in which «(x, t) is smooth. It is not quite that-viz. the spurious singular set discussed below. However, for the reader who is unfamiliar with wave front sets and the propagation of singularity results of Hormander [4] , the statement above serves as a good basis for understanding the result in most cases.
We first recall the notion of singular support of a distribution t/(x). To say that a point x0 is not in the singular support means that u is C°° in a neighborhood of x0. Or, there exists a function u(x) with compact support which agrees with u in a neighborhood of x0 and is C°°, i.e. its Fourier transform satisfies: for any .V. (1 + IED^FuX?) « bounded as |g| -* °°.
We say that a point (x0, £°), £° G Rd\0, is not in the wave front set of u(x) (denoted WF u) if there exists a function u(x) with compact support which agrees with u(x) in a neighborhood of x0 and whose Fourier transform satisfies the following: there is a cone R in £-space, i. A. Thus, WF u is a closed conical set in (x, |) space.
To make our results precise we consider the set WF $ which is the union of the wave front sets of each component of h\ The results of [4] indicate that WF u(x, t) is contained in the set obtained in the following manner:
Take the scalar dth order differential operator which is the principal symbol of (0.14)
Let(j»0,|0)GWF*. Bicharacteristics are the curves in (x, t, %, t) space satisfying the HamiltonJacobi equations: dxjlds = ô-p/dÇy, / = 1, 2, . . . , d, dt/ds = 3p/9r, dtyds = -dp/dXj, j = 1, 2, . . . , d, dr/ds = -dp/dt.
It turns out that p is constant on each of these curves; one on which p vanishes is called a null bicharacteristic of p.
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We can now state our convergence theorem which is proven in Section 3.
Theorem 2. For any X > 0, |s| > 0, la constant C6sX such that:
sup ia&.-«*)i<cM>xA\ (Here and below 9*u'1 means the derivative of the trigonometric interpolant of uh =/V.)
We notice that the set Sit) is, in general, only slightly larger than the singular support of uix, t) = SSuix, t). In fact, the total decoupling procedure of Taylor [13] gives us the exact singular support of«. However, we believe that the rate of convergence is not good on the spurious singular set, SpSu(x, t) = Sit) -SSuix, t). This was noticed by Smoller and Taylor [11] in a related problem. We, in fact, give an alternate proof in Section 3 that the rate of convergence is not infinite for a term similar to theirs on SpSuix, t).
1. Examples of Large Regions of Low Accuracy for the Fourier Method. In this section we present simple examples to show that the Fourier method without smoothing is of limited accuracy globally. We then show that for the time discretized problem it is possible in special cases to do better than predicted for the semidiscrete problem and improve the still limited accuracy by a power of h. This phenomenon, which we believe occurs only for constant coefficients, resembles the collocation method used in finite element problems.
We approximate the Cauchy problem for the scalar differential equation
The semidiscrete approximation is a very simple version of (0.5). We also define: 
(1.10) max \uix, t)-u\x, f)\ < C.hx + y.
(2) The conclusion is sharp in the sense that we can find some ip G FeiS~x~y) so that, with this initial data:
( An anomalous situation occurs for <p = ip0. The rate of convergence is the same as for <p G Fe(S~2) which is a class of functions less singular than <¿>0. Hence, the convergence is better than for the smoother functions ¡p G Fe(S~x~7) with 1 > y > 0.
This anomaly was noticed in our previous paper [7] in a similar connection. It is explained by the fact that, although i0(f) behaves like C./lfl for f -► °°, the discrete Fourier coefficient y(j) behaves like C2/j2 not C2/|/|, for |/'| -► n/h.
We have the following. Proposition 2. Suppose that the initial data y = <p0. Then (1) (1.12) max \u(x, t) -uh(x, t)\ < Csh2.
(x,t)<ERs (2) This conclusion is sharp for <p0 in the same sense as in Proposition 1. Moreover, if any value o/i£0(0) except <p0(0) = 112 is chosen, the statements (1) and (2) above are valid with h2 replaced by h, i.e. the method is globally only first order accurate.
Next we consider a fully discrete problem (1.13) uh'\; t + k) = F-xqijk)FU"'\; t) defined for t = vk, v = 0, 1, 2, . . . . Here X = k/h > 0 is fixed independent of t.
The function q(y) is C°° for \y\ < ttX + S1 for some 61 > 0, and not, in general, periodic. The difference scheme is assumed to be rth order accurate, which means 
(2) 77ms conclusion is sharp for ¡p0 in the same sense as Proposition 2.
Finally, any choice of (¿?0(0) except </>0(0) = 1/2 will degrade the error by one power of h unless .7(7.X) = <7(-.rX) and q'(irX) = qX-irX) in which case the estimate in (1) (1.19) \viN)\<Cxhx+y.
Moreover, for the function in FeiS~x~y) (1.20) it is easy to show that Dix) = Z «**(! + If»
Um VSZl = r * 0.
Thus, the proof of Proposition 1 is immediate.
We also have the above-mentioned anomaly:
Lemma 2.
The second part of Proposition 2 follows from the fact that if we add to i£0(x) the trigonometric interpolant of a function which is 1 at x = 0 and zero on the other mesh points, the associated finite Fourier transform changes by h. This result together
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The first half of Proposition 2 follows from the previous two lemmas and the following aesthetically annoying result.
Lemma 3. For <p = <p0 we have
For any fixed x, the three last functions above are linearly independent functions of t. Thus, using Lemmas 1 and 2 we have proven a sharpened version of Proposition 2.
Proof of Lemmas 1 and 3. We have 
-(ei(x + t) _ ,)"-£ JKx+t^fo _ fay j=-N Using the obvious fact that $(]) = $(]+ p(2N + 1)) for any integer p gives us, after another summation by parts,
The proofs of the lemmas now follow from the triangle inequality, Lemma 2, the definition of the classes Fe(S~x~y), and (1.18). Proof of Lemma 2.
i Of"* -ITX( ¿ihA+e-'^piph)) + |J.
(1.28) h_ 2tt
Here
Next, we treat the fully discrete problem.
The technical assumption we make on the function q(y) is:
,. ~~s inf
The proofs of Propositions 1' and 2' follow from discrete analogues of Lemmas 1 and 3.
First, we have:
This result follows from summation by parts in the same way as in the proof of Lemma 2. We note that the coefficient of <piN) will be Oih) if and only if We also have a messy looking discrete analogue of Lemma 3 which we obtain by summing by parts once more, as in the proof of that lemma. We omit the details, except to say that the cancellation occurring in Lemma l' is impossible here.
Stability of the Smoothed Fourier Method and the Necessity of the Proper Initial
Smoothing. In this section we shall prove Theorem 1, stability of the smoothed Fourier method (0.8). It might then be thought that convergence in Rs follows for initial data smoothed as follows:
We present here a proof that the example mentioned in the introduction which we discussed in detail in a related connection in [7] leads to a large region of low accuracy. In fact we have: w/tere Ä^> = Ä6 n {(x, r)| -f < x < t).
(2) 77ie conclusion is sharp in the same sense as in Proposition 1. We note that for more complicated examples having jump discontinuities in higher dimensions it is likely that the error will be worse than second order in a large region if we use this smoothing of the initial data.
Proof. The proof is an easier version of that of the main theorem of [7] and is typical of the approach used in this analysis. We write u-uh = Z eilxe(Aii+B)\l -oifliñfá) 
with c0 a nonzero constant and 6', the derivative of the Dirac measure. The result is immediate using (3.24) of [7] .
For completeness we mention: with initial data (2.1) we have ,~ ,, max \uix, t) -u\x, t)\ <CSy xhx VX > 0.
The proof follows from the decomposition of (2.3), using a by now standard summation of parts.
In order to prove Theorems 1 and 2 we need to introduce a class of pseudodifferential operators defined on the lattice Yd. For any lattice function u we define:
where p(x, £, h) is a C°° function with the usual 2ir period in each x¡, vanishing identically if |£.| > n/h V., and having certain other properties discussed below.
Recall, on Rd, Psdops are defined by
and an often used class of symbols (see [12] ) is s*0 = {p(x, di ia;3fp(x, |)| < ca/i + li-ir-"31}.
We shall define a related class of symbols to be used on lattice functions. These have the two properties:
(1) 3 ffij, m2 real numbers with m2> 0 \b^¡pix,ih)\<catí¡ii + m)mx'whm2.
(2) For each p(x, %, h) 3 e > 0 such that
Call this class of symbols Sx 0 .
We also shall need a subclass of these symbols, which have the property p(x, %, h) G570'm2and '(3) \^pix,^,h)\<ca<ßhm2 + lßln+m)mx.
Call this subclass T™^™2. Notice p(\h) G T\$.
We now list some of the basic properties of these operators. We shall indicate the proof of the main results in the appendix. We merely remark here that the main tool in the proof is the Poisson summation formula, which reduces the problem to a standard one involving the usual pseudo-differential operator calculus on R"; modulo a "smoothing" error discussed below.
Properties of the Psdops on Yd :
(1) P"(x, D, h) maps C°° functions into f)™=0Hs with a bound independent of/i. Note that the second inequality implies that the Hs norm of the error goes to zero as a power of A for |w| sufficiently large, and this power increases with |m|.
Remark 1. As a consequence of (2.10a) we see that if the supports of the symbols of P" and QH are disjoint, then Rh = QhP" is infinitely smoothing. It maps any function u for which |w(t;)| < C(l 4-|Tj|)fe for some fixed k, C> 0 independent of A, into an element of fï^i^r
In fact> we then have Here each element of pm is a sum of terms of the form
where the p^Jix, £) are homogeneous of degree j + k in % for |£| large, and each ak (x) = 0 if xt is near ± n for any i.
We then say that the principal symbol of Ph is pm and the principal symbol of/*-/* is je.» , etc.
Moreover, given a sequence {pm} of the type above, 3p G Sx ¿' 2 such that P~ 2m=-m.P-m(x, th)T he subclass of 5, ¿' 2 having this expansion will be useful in the proof of Theorem 2.
In order to prove Theorem 1 and Corollary 1 we shall need a lattice version of Gliding's Inequality.
Lemma 4 iLattice Gàrding's Inequality). Let p(x, %, A) G 5m0 have the property that as a matrix, Re p(x, |, A) > c |£|m for % large. Then for any real s and all A sufficiently small
with CQ, Cx independent of u.
Proof. The proof is a simple modification of the standard one on Rd (see, e.g.
Taylor [12] ).
We shall prove it for m = 0, the general case presents no new difficulties. The rest of the proof is standard. Proof of Theorem 1. We shall again only prove it for s = 0, the general case is similar.
We may rewrite the semidiscrete Cauchy problem (0.8) as The theorem now follows from adding (2.19), (2.21), and (2.23), and using the triangle inequality.
Proof of Corollary 1. Since u G C°°, we know that (2.24) \\u(x, t) -Ihu(x, Oil, < CsXhx Vs, X.
Thus, we need only show that (2.25) \\Ihu(x, t) -uh(x, t)\\s < Cs xhx.
We consider Let Tt be the solution operator to the problem (0.1), (0.2), i.e. Tftix, 0) = u(x, t).
Let Tih,p he the solution operator to (0.8) with initial data u"ix, 0), i.e.
T?'puhix, 0) = u\x, t). We now have the expected decomposition:
Notice that the term
which caused the large region of low accuracy in Section 2 and in [7] is not present because of our initial smoothing.
We shall first obtain the estimate:
In fact, the same estimate will hold on the wave front set level. We shall discuss this below.
For technical reasons we do the following: use a partition of unity to write the initial function ¡p = <px + \p2, where i¿>. has support in |x.| < ti -e¡, e¡ > 0, i = 1, . . . , d, <p2 has support near each x¡ ± tt, and both functions are periodic.
For the Cauchy problem corresponding to initial data \p2, we may translate each x¡ by tt. Thus, we need consider initial data with support of the same type as <px, and we restrict t < tx to be small enough so that the support of «(x, 0 stays away from x¡ = ±rr. This obviously is no restriction, since for t = tx we just repeat this procedure. This has the effect of simplifying certain technical aspects of the proof.
In particular, it turns out that if the symbol of P(x, D, h) is in S^'7"2 and p(x, X, A) = 0 near x-= ±7rV-, then the operator defined by: Proof of estimate 3.2. Let p(x, £) G 5° 0 and have the property that p = 0 on WF ip, p = 1 on a set whose distance from WF ip is bounded by 5. > 0, and 0 < p < 1.
In the rest of the paper we shall let S_", S^ denote smoothing operators on Í2d and Yd, respectively. These may vary from relation to relation.
Taylor [13] has shown that 3 two zero order elliptic Psdops Mx(x, D), Af2(x, D) having the properties Taylor in [14] , which is as yet unpublished, has given a new proof of Egorov's Theorem. We shall need both his method of proof and the theorem itself in our proof of Theorem 2. A short discussion of this follows. The algorithm for computing the symbol mentioned above (and outlined on a lattice in the proof of Lemma 5) as well as the definition of Sit) tells us that the symbol of p(x, D, t) is, for each r, essentially the identity on a set in (x, £) space, which is in general bigger than the set whose projection onto Rd = R5. Hence, the justification of the remark after (3.2).
We now justify the remark we made after the statement of Theorem 2. I.e., in general, on the set of spurious singularities the rate of convergence of [E¡] to zero is not infinite. This part can be skipped for the reader who is only interested in the main theorem.
Using the operators MX,M2, A, defined in (3.6), we can show that the Cauchy problem (0.1), (0.2), is equivalent, modulo smoothing, to It follows from the discrete calculus of the previous section that Taylor's [13] total decoupling construction can be simply modified to apply to LH'P.
We construct the two symbols Nxix, %, h), A/2(x, f, A) G S°x'° with Nfx, £, h) = Ma[x, £), i = 1, 2, ... , for h% on the set in which p(h%) = 1. Each N¡ has the For t = 7 < T fixed, we let x(x, t) -1 in a neighborhood of a fixed point x for which u(x, t) G C°°, and let x(x, f) = 0 for all x such that the symbol of / -p(x, A t) is not asymptotic to zero. We can arrange things so R& C union of all such x, 1. We shall show (3.27) Hdu/df -¿u||4 < C" XAA Vs, X.
This will then complete the proof of the main theorem.
We obtain (3.27) from the following three results. (This lemma is more general than the one we need for the proof of the main theorem.)
The proof of these results will be given in the Appendix.
Proof of estimate (3.27 Proof of (3.32). 4. Numerical Experiments. In this section we discuss the results of a variety of numerical experiments designed to demonstrate the above theory. The principal aim of the theoretical treatment was to show the utility, and indeed in most cases the necessity, of using smoothing techniques when the Fourier method is applied to problems having discontinuous initial data. We will present numerical results obtained both with, and without, smoothing for the following Cauchy problems: (i) scalar, constant coefficient, (ii) constant coefficient system of two equations in a single space variable, (iii) scalar, variable coefficient in one space dimension, and (iv) scalar variable coefficient in two space dimensions. In addition, we will provide a short discussion on the computer implementation of smoothing techniques.
In all problems except the two space dimension problem, the initial function is Tables 1 and 2 show the results of solving ut =ux using the scheme Table 1 Smoothed initial data; k/h = 0.75, t = 0. Table 2 should be compared with Table 1 , since these are the only unsmoothed results free of the collocation effects. A direct comparison cannot be made; but in terms of time step sizes, the last column of Table 2 lies between the third and fourth columns of Table 1 . The increased accuracy due to smoothing is obvious. One other feature to be noticed in Table 1 is the localization of the region of high error in the smoothed case. In the last column, only the point of discontinuity, itself, exhibits a significant error.
We note that (4.2) is an infinite order, unconditionally stable scheme. It is generally not possible to develop such methods for variable coefficient problems. However, high-order, unconditionally stable schemes can be constructed in such cases by replacing elwk with an appropriate Padé approximant.
We next consider the constant coefficient system given earlier in the introduction: Table 2 Unsmoothed initial data; h = 0.025, t = 0. Table 4 Error in solution of (43) (4.5) [fit + k)= F~x(e(iu}A +B)kFU"(t)).
Again, for the smoothed case U"(0) is the truncated Fourier series of (4.4).
The exact solution to (4.3) with initial data (4.4) is given by Apelkrans [ 1 ] . Table 3 contains the exact values needed for the comparisons we will make here. Table 4 gives the results obtained with smoothed initial data. These contrast sharply with the unsmoothed case shown in Table 5 , both in terms of absolute accuracy, and the convergence rate. Table 6 provides data computed using the incorrect smoothing technique discussed in Section 2. Notice that outside the characteristics, this method of smoothing does, in fact, give good results; but inside the region Rs the results are only slightly better than for the unsmoothed case (for the second component they are actually worse than the unsmoothed case). Thus, we see that smoothing is a very effective technique for improving the accuracy of the solution, but only when applied properly.
We now discuss the variable coefficient problem results. We note at the outset that the implementation of smoothing in this case differs somewhat from the constant coefficient cases. In particular, a frequency cutoff function p(coA) must be applied at every time step, rather than just to the initial data, since the variable coefficients may cause a regeneration of the undesirable high frequencies; and these must be eliminated before the succeeding time step. We first consider the problem (4-6) ut + (a(x)u)x = 0, with initial data (4.1). For the calculations reported here , . , 2tt
a(x) = sin -x.
We notice that a(0) = 0, and a(±¿/2) = 0; and in light of discussions in [2] and [5] , this might be expected to lead to numerical instability of the Fourier method, unless some precaution is taken. In [5] it is shown, for the semidiscrete problem, that stability can be maintained by rearranging (4.6) to a specific form before spatial discretization. But the required form leads to a significant increase in the numerical operation count, and so is not a very effective remedy. However, we have shown in Theorem 1 that the stability problem can be easily overcome by applying smoothing operators.
We remark that the technique requires only a small amount of extra computation, the amount being dependent on the particular time discretization employed. (For the method we give below, no additional computation is required after the second time step, since the smoothed Fourier frequencies can be stored in place of the original ones at this time, and used thereafter.) Table 5 u"(t + k*) = -A0 + kfx(u"(t)).
u\t + k) = u\t) + ^\fxiu\t)) + fxiu\t + k*))]
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Table 7 Solutions to (4. As usual, for the smoothed case, we use u"i0) equal to the truncated Fourier series of <I>(x). Results obtained using (4.7) both with, and without, smoothing are given in Table 7 . The main point to observe regarding Table 7 is the degree of consistency of the convergence rate, from point to point, exhibited by the results obtained with smoothing, and the corresponding lack of such consistency for the results computed without smoothing. In particular, nearly all of the points computed by the smoothed method show roughly a second order convergence rate, while the unsmoothed method produces results which do not appear to converge at all, at certain grid points.
Although this erratic behavior (which continued, even for further mesh refinements) of the unsmoothed calculations would seem to be indicative of possible instabilities, this was not borne out by long time integrations. It should also be noted that with further mesh refinement, second order convergence was not maintained, even for the smoothed case near the point of discontinuity.
As a final example, we show that the theoretical results of the earlier sections also apply in higher space dimensions by considering a second order splitting method for the two space variable problem Table 8 . For initial data we use the checkerboard pattern, shown in Figure 1 , and given by (4.9) *(x, y) = *(x)<D0;) 4-(1 -<I>(x))(l -<I>0)). Splitting of (4.8) was done in the following way, to maintain second order accuracy (cf. Marchuk [8] ). Denote the right side of (4.7) by LJJk, x)uhit). We then compute uhit + k) from (4.10) uhit + k)= Laik¡2, x) -Lb(k, y) ° Lfl(/c/2, x)u\t).
For the particular problem considered, (4.10) was stable for both smoothed and unsmoothed cases; the former is shown in Table 8 .
To this point, we have treated the smoothing procedure theoretically; and we have also shown numerical results of applying it to specific examples. We now give a brief discussion concerning implementational details. The basic idea is, of course, elimination of the high Fourier frequencies which arise from discontinuous data. In the past, this has been accomplished by merely setting to zero all of the frequency spectrum beyond some prescribed magnitude. With such a procedure, the frequency cutoff function is, itself discontinuous, making precise mathematical treatment difficult, as one might infer from the nature of the various proofs given above. Moreover, as is proven in Section 1, and demonstrated by the numerical solution of (4.3) (see Table 6 ), simply cutting off frequencies, even in a smooth manner, is not sufficient for maintaining the order of accuracy of the numerical method on the whole grid, except in special cases (see Proposition 4) . In general, two smoothing operations must be utilized: one for the initial data, and one at subsequent time steps. Before treating each of these, we make the following general remarks.
It seems likely that the precise behavior of an optimal smoothing procedure must be very problem-dependent. Thus, in practice, we should be content to imple- Figure 1 Initial data for the two space dimension problem ment a procedure which works well, but which may be slightly suboptimal with respect to accuracy, and possibly convergence rate. The following would appear to be requisite qualities of such a smoothing method: the method should (1) produce results in substantial agreement (with respect to theoretical accuracy and stability) with theoretical predictions;
(2) work well over a wide range of problems; (3) be easily programmed, and inexpensive to compute. Smoothing of initial data is accomplished by first replacing the original (discontinuous) data by its Fourier series, truncated after a certain number of terms. We emphasize that the true Fourier series, and not the discrete Fourier transform, must be used at this step, as indicated by Proposition 3. The number of terms to be used in the truncated Fourier series is related to the mesh size, A, of the spatial discretization in the following way. We associate this initial smoothing with the smoothing operator o, discussed above, and identify p with smoothing at subsequent time steps.
We will show below how p is related to mesh size through the discrete Fourier frequencies. But in the proof of Theorem 2 we must have supp a C supp p. Thus, the number of terms carried in the truncated Fourier series of the initial data must be less than the number of frequencies arising from the use of the discrete Fourier transform in the spatial discretization. All results presented herein were obtained using 2N
terms, where 2/V 4-1 is the number of points in the spatial grid (= number of discrete Fourier frequencies).
In Figure 2 we show a sketch of the initial smoothing of (4.1). The main purpose of this figure is to provide a clear indication of the cause of the large error exactly at the point(s) of discontinuity of the smoothed solutions. The difference between the Fourier series and the actual initial data at the points of discontinuity is, in this case, exactly 0.5; and this difference propagates in time. But as the tabulated results show, when smoothing is used the error is localized to a small neighborhood of the discontinuity; whereas, with no smoothing, the errors may be quite large over the entire grid (e.g., compare Tables 4 and 5 ).
In the second step in smoothing, we employed partitions of unity to obtain the theoretical results. Thus, frequencies are multiplied by functions of the type depicted in Figure 3 , rather than brutally chopped off. It is easy to construct such functions, analytically, by using tails of the general form exp [rL eXP(^o)] ' ^<5<Ço= but computationally, this can lead to difficulties. If the tails of the cutoff function drop off too sharply, the computer is unable to distinguish such a C°°-function from a discontinuous one. Thus, a more controllable characteristic decay is necessary. For this reason we chose to use "generalized" Gaussians, centered at ±cc0, to form the tails of the cutoff functions used in the numerical studies. That is, the smoothing functions were of the form -a(-j + cj0) 2m
co<-cj0, P(w)= ] 1.
-a(to-»ün)
2m
-c-i0 < CO < »o0, Wo <a>> where m is a positive integer. In the work described here m = 1, 2, or 3; and we shall refer to the corresponding functions p as the 2nd, 4th, or 6th-order cutoff func-tions, respectively. It is clear that these functions are not C°° ; moreover, as the order of continuous differentiability is increased, the tail decays to zero more slowly for a fixed value of a. It was found that the 4th-order cutoff function gave the best results overall, although they were not significantly different from those obtained for 2nd and 6th-order cutoff functions. To obtain the most accurate results near discontinuities it was found that co0 = 0 (i.e., an actual Gaussian) should be used. However, higher accuracy could be obtained away from discontinuities with co0 = 0.3comax for the problems tested. Here comax = I/A. The value of a was chosen so that P07->-max) = 10~4, with 7} in the range 0.5 to 0.9.
These are not claimed to be optimal parameter values for the particular cutoff functions used, nor is the form of the cutoff function necessarily optimal. But the numerical results of the preceding tables indicate excellent agreement with theoretical predictions; the same form of smoothing was used in all problems; and the method is easily implemented, and inexpensively computed. Thus, all criteria proposed earlier have been satisfied. large number of times in £, each time picking up a factor (x -z 4-2nm¡)~x. Sum over m ¥= 0. It is clear that we can take k large enough so that we obtain a converging series of operators in s"1'"1-m2 for any m For m = 0, we are concerned with (A.9) (¿)7-°l^J!jr*e,<^)«-")t7(x, %)piz, 77).
We now use (A.7). The composition formula of Leibniz follows in the standard fashion.
The result if q is in the subclass T^l'™2 follows as above, using a slightly refined analysis of the remainder in the Taylor Proof of Lemma 5 (Discrete Egorov's Theorem). Our proof is just a copy of Taylor's [14] in the continuous case with a few simple modifications. However, it is so fundamental to this work that we include it for completeness.
We note that Q"it) solves the operator differential equation where, here and below, 5^oe(0 is a C°° family of smoothing operators on Yd.
We will obtain a lattice Psdop solution NH(t) with symbol in -?7¿'m2, and then show A^ÍO -ßft(0 is a smoothing operator «0.
We shall assume mx = 0 = m2. The general case presents no difficulties. Following [14] .pon-trdp(x,t + 2f) = 27 + I?.
t=n + ti^(*>*)
For 1™ we choose |cy| sufficiently large so that when we integrate by parts in z we get 19^ I?! < CKßyhx\mfx for X arbitrary and fixed.
For Jm we may integrate by parts in z, dividing by (£. -77,.) which is now nonvanishing. Do this sufficiently often, and we wind up with an estimate
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